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Summary 
The effects of a non-uniform temperature gradient and the Coriolis force on the onset of 
convection driven by combined surface-tension a d buoyancy force in a horizontal layer of 
Boussinesq fluid with upper boundary free and adiabatic and the lower boundary rigid and 
isothermal is studied by means of linear stability analysis. The Galerkin technique is used 
to obtain the eigenvalues. A mechanism for suppressing or augmenting convection is 
discussed in detail. I t  is found that as the rotation increases the coupling between the two 
agencies causing instability becomes weaker even in the presence of a non-uniform tem- 
perature gradient. A discontinuous change in cell size occurs at a certain value of Rayleigh 
number as a result of sudden change over from convection dominated by one of the two 
agencies to that dominated by the other. The results obtained in the limiting ease oI uni- 
form temperature gradient or in the absence of rotation agree with the existing ones and 
found that even a single-term Galerkin expansion gives reasonable results with minimum 
mathematics. 
1. Introduction 
Recent ly  there has been a great  increase of interest in the theory and modell ing 
of mater ia l  processing in the micrograv i ty  environment.  The development of 
convect ion and the corresponding heat  transfer are examples of the physical  
phenomena to be encountered in these type  of problems. Among the effects 
to be considered here are those of surface-tension, crystal l ine anisotropy,  non- 
equi l ibr ium sol idif ication and convect ion in the melt.  These are re levant to 
the growth of large single crystals, the manufacture  of semiconductor devi- 
ces and of metal lurgical  processing. The results of space explorat ion,  part icu lar ly  
the mechanism of prevent ion of buoyancy  dr iven convection, are useful in under-  
standing the physical  processes involved in manufactur ing these materials.  The 
micrograv i ty  environment in space a l though reduces the convection dr iven by  
buoyancy force but  the Marangoni  convect ion will be generated ue to the var iat ion 
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of surface-tension with temperature [1]. To simulate the microgravity environment 
in the laboratory to prevent altogether the buoyancy driven convection is diffi- 
cult. Therefore, a theory and modelling of material processing inthe laboratory may 
include the mechanism ofsuppressing free convection driven by both surface tension 
and buoyancy forces. Recently Rudraiah [1], Friedrich and Rudraiah [2] and Rud- 
raiah and Chandna [3] have shown that a coriolis force due to rotation and a suitable 
nonuniform temperature gradient due to sudden heating or cooling at the bound- 
aries may suppress or augment convection driven by only surface tension force. The 
object of the present paper is to show that such mechanisms also suppress or 
augment convection driven by both surface tension and buoyancy forces. This 
process of augmenting convection is also useful in the design of liquid containing 
systems uch as the coolant circulation systems and the heat pipes in addition 
to the applications in material science processing. In the laboratory, the non- 
uniform heating is achieved by applying a suitable ohmic current. In Geophysics 
the non-uniform heating is imparted by the sun not only to the different latitude 
zones around the globe but, just as much so, to oceanic and continental surfaces 
and then to the atmosphere above. The convection cells in the terrestrial atmo- 
sphere are subject to coriolis force. Therefore the physical mechanism of aug- 
menting convection by a suitable non-uniform temperature gradient is also 
useful in the geophysical process. 
Namikawa et al. [4] have examined the effect of rotation on the convection 
driven by surface tension and buoyancy forces under the assumption of uniform 
temperature gradient. In the absence of rotation, Leben and Cloot [5] have 
considered the effect of non-uniform temperature gradient on convection using 
a quasi-variational technique with the help of Rayleigh-Ritz method. However, 
the combined effect of non-uniform temperature gradient caused by rapid heating 
or cooling (see Sutton [6]) at the boundaries and Coriolis force due to rotation 
has not been given much attention. The modelling of these situation yields 
both novel fluid flow problems, such as those driven by surface tension and 
buoyancy convection and free boundary problems for system of equations. 
The behaviour of the solutions of such systems is not yet fully developed. More- 
over, while some numerical methods are available [5], efficient analytical tech- 
niques are still sought for many eases to understand the physics of the problem 
with minimum mathematics. 
Therefore the object of this paper is to show, using a simple analytical tech- 
nique, that a suitable non-uniform temperature gradient and rotation suppress 
or augment convection driven by combined buoyancy and surface tension forces 
by considering infinitesimal perturbations. For this purpose we consider the 
tinearised bane equations and the corresponding boundary conditions in section 2. 
The non-uniform temperature gradient caused by transient heating or cooling 
at the boundaries is in general a function of position and time. In section 2, 
however, we introduce a simplification i  the form of a quasi-static approximation 
(see Currie [7]) that consists of freezing the temperature distribution at a 
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given instant of time. This hypothesis is sufficient for our purpose as we are 
interested only in finding the conditions for marginal stability. I t  is known 
that, depending on the strength of rotation and the value of Prandtl number 
(see Chandrasekhar [8]), both marginal and overstable motions are possible. 
In the present paper, however, we consider only the marginal state. Condition 
for the onset of convection for different basic temperature profiles is determined 
in section 3 using a single-term Galerkin expansion technique (see Finlayson [9]). 
Several important conclusions are drawn in section 4. Comparison of our ana- 
lytical results with the numerical results of Lebon and Cloot [5] in the absence 
of rotation reveal that a single-term Galerkin expansion procedure used here 
gives reasonable results with minimum of Mathematics. 
2. Formulation of the Problem 
The physical configuration considered in this paper is shown schematically in
Fig. 1. I t  consists of an infinite horizontal layer of a Boussinesq fluid rotating 
with an angular velocity _o, about the vertical axis z. The mean depth of the liquid 
layer is d. I t  is bounded below by a rigid and thermally perfect conducting wall, 
and above by a free surface. This free surface is adjacent o a non-conducting 
medium and subject o a constant heat flux (i.e. adiabatic). We assume a tempera- 
ture drop AT across the boundaries. The interface has a surface-tension a which, 
following Pearson [10], can be assumed to vary linearly with temperature accord- 
ing to the formula 
a = ao -- alAT. (1) 
A cartesian co-ordinate system (x ,  y ,  z)  is used with the origin at the bottom 
of the boundary, ox  9 parallel to the boundaries and oz  coinciding with the axis of 
rotation so that ox,  oy  rotate about oz  with the same angular velocity ~2. The 
Z 
)a 
W= D=W +~MT--DZ=DT= 0 
To 
d 
+ AT 
W= DW - -E=T = 0 
Fig. 1. Physical model 
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governing equations for this configuration, following Chandrasekhar [8], are: 
--[ + (q. V) q -- 2q • .q = --V p -- ~ 9k + W2q (2) 
Qo 
V. q = 0 (3) 
~T 
-7 +(q .  v) T = ~VST (4) 
e : Q0[1 --  o~(T --  To)], (5) 
where q is the velocity vector, p is the pressure, T is the temperature, To is the 
reference temperature, ~ is the density, ~0 is the density at T = To, v is the 
kinematic viscosity, ~ is the thermal diffusivity, cr is the volume expansion 
co-efficient, g is the acceleration of gravity and ~ is the unit vector in the z-direc- 
tion. 
In  the undisturbed state the velocity q and the temperature T have the 
solutions 
d dT 
q = O, =/(z) ,  (6) 
AT dz 
where ](z) is a non-dimensional temperature gradient satisfying the condition 
1 
f / (z )  dz ---- 1. (7) 
0 
Suppose that the initial state is slightly disturbed. The linearised equations of 
motion (2) to (5) allow the solution of a disturbance in the form 
(some function of z) Exp {i(lx + my) + (or}, 
where 1 and m are the horizontal wave numbers and co is the growth rate. We use 
this expression in the linearised version of basic equations (2) to (5) and eliminate x
and y components of the velocity. After some manipulation and making the 
resulting equations dimensionless using d, d2/v, ~r fld and v/d s as the units of 
length, time, velocity, temperature and vorticity respectively, we obtain 
{(D ~ -- a 2) --  co} (D 2 - -  a s) W = aZRT + ~I/sDZ (8) 
9 {~o Pr  - -  (D  ~ - -  aS)} T = ](z) W (9 )  
{~o --  (D 2 - -  aS)} Z = ~I/2DW, (10) 
d a~ lS m 2, z~12 2Y2d2 where D : dz' : + --  ~ is the square root of the Taylor number, 
Pr  : v/z is the Prandt l  number, R -- agfld4 is the Rayleigh number, W(z), Z(z) 
7J7~ 
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and T(z) are respectively, the amplitudes of the z-component of velocity, vorticity 
and temperature9 When the principle of exchange of stabilities (i.e. ~o = 0) holds, 
Eqs. (8), (9), (10) yield 
(D e -- a2) 2 W -~ a2RT + TI/e.DZ (11) 
(D 2 - -  a 2) T Jr-/(z) W -= 0 (12) 
(D e -- a S) Z + TI/eDW = 0. (13) 
The corresponding boundary conditions are [10]: 
W=DW=Z=T=-O at z=0 (14) 
W = DeW-~ aeMT~-- DZ= DT.---- O at z---- 1, 
where M -~ aTA Td., is the Marangoni number, # is the dynamic viscosity, ~ is the 
#u 
thermal diffusivity and aT is the rate of decrease of surface-tension with increasing 
temperature. 
3. Condit ion for the Onset ol Convect ion 
Multiplication of Eq. (11) by W, of Eq. (12) by T and of Eq. (13) by Z, inte- 
gration of the resulting equations by parts with respect o z from 0 to 1, using the 
boundary conditions (14) and using W = AWl,  T = BTI, Z = CZ1 in which 
A, B and C are arbitrary constants and W1, T~ and ZI are the trial functions, 
yield the following eigenvalue quation 
a~R(WT) (/(z) WT) ~(ZD W) ( WDZ)] 
M-= ((D2W)e + 2a2(DW)2 -~a4We)-- ((DT)2+a2T2) -- ~+- - -~} J "  
aeDW(1) T(1). 
9 ((DT)2 + aCT2} (15) 
9 (1 (~)  WT) 
where the angle bracket (...) denotes the integration with respect o z from 0 to 1. 
We select he trial functions 
W = z~(1 -- z2), T ~-- z(1 i z12) and Z = z2(3 -- 2z) (16) 
such that they satisfy all the boundary conditions except the one given by 
DeW -+- aeMT -~ 0 at z = 1, but residual from this is included in a residual from 
the differential equation. Substituting (16) into (15) and performing the inte- 
gration, we get 
M ---- {(32x2 + 1056x -[- 21168) (42 -]- 13x) + 10893} (5 + 2x) __23 R (17) 
where x = ~2. 
18900x(42 + 13x) (/(z) WT) 420 
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For any given/(z),  M attains its min imum value at xc = ac 2, xc being theroot  of 
x ~ -k 24.21x a -f- 125.12x a - -  (641.52 -k 1.313) x ~' 
(lS) 
- -  (5342.22 + 6.543) x - -  (8629.73 q- 10.57~) = 0. 
The variat ion of a~ with Taylor number 3 is computed for different values of 3 
and the results are tabulated in table 1. :From this it is clear that  the critical wave 
number ac increases with increasing Taylor number 3, and hence the effect of 
rotat ion is to contract he cells. When the fluid layer is heated from below, the 
non-uniform temperature gradient/(z)  is not only non negat ive but  also decreases 
monotonically. Thus we are interested in the temperature profile which gives the 
max imum M~ subject to /(z) > O. For this purpose we consider the following 
different basic temperature profiles. 
Table 1. Critical wave number ac/or di]/erent values o/Taylor's number and critical Marangoni 
number (Me) i (i ~ 1 to 6)/or di/]eren~ values o /R  and v 
T a c t~ (Me) 1 (Me) 2 (Me) a (Mc) 4 (Me) 5 (Mr 
0 2.4313 0.0 78.4424 75.9599 47.7180 37.1937 116.3984 
100.0 72.9662 70.4838 42.2418 31.7176 110.9223 
500.0 51.0615 48.5790 19.7994 9.8128 89.0175 
679.1901 41.2757 38.7662 10.5243 0.0 79.2046 
871.3737 30.7244 28.2419 0.0 68.6804 
1080.1910 19.2891 16.8066 57.2451 
1387.0954 2.4775 0.0 40.4384 
1432.4273 0.0 35.505 0 
2125.5360 0.0 
59.1533 
53.6771 
31.7724 
21.9595 
11.4353 
0.0 
I0 ~ 2.502 0 0.0 80.8934 78.3334 49.2085 38.3559 120.0354 
100.00 75.4172 72.8572 43.7324 32.8797 114.5593 
500.0 53.5124 50.9524 21.8276 10.9749 92.6544 
700.412 5 42.537 5 39.977 4 10.8526 0.0 81.6795 
898.59082 31.6848 29.1248 0.0 70.8268 
1113.9430 19.8917 17.3317 59.0338 
1430,425 4 2.5601 0.0 41.7021 
1477.1844 0.0 39.1419 
2191.9510 0.0 
61.0016 
55.5254 
33.6206 
22.6456 
11.7930 
0.0 
10 4 4.348 8 0.0 197.8154 191.5549 120.3343 93.7948 293.5323 
100.0 192.3391 186.0787 114.8582 88.3186 288.0561 
500.0 170.4343 164.1734 92.9534 66.4138 266.1514 
1400.0 121.1486 114.8883 43.6677 17.1281 216.8656 
1712.7749 104.0205 97.7601 26.5395 0.0 199.7375 
2197.4103 77.4809 71.2206 0.0 173.1979 
2724.0139 48.6432 42.3827 144.3601 
3497.9602 6.2603 0.0 101.9773 
3612.2804 0.0 95.7169 
5360.1569 0.0 
149.t722 
143.6959 
121.7913 
72.5055 
55.377 4 
28.8378 
0.0 
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Model 1. Linear Pro/i le 
A great deal of theoretical and experimental studies on convection in a thin 
layer with linear temperature profiles is available. Therefore, to know how far the 
results obtained from the single term Galerkin expansion is reliable, we investigate 
here the effect of linear temperature profile for which 
](z) : 1. 
In this case Eq. (17) takes the from 
420{(21168 ~- 1056x-[- 32x 2) (42 + 13x) + 1089v} (5 -]- 2x) 
434700x(42 + 13x) 
(19) 
23 
420 
(20) 
In the absence of rotation and when R = 0, Eq. (20) gives the critical Ma- 
rangoni number (Mc)l = 78.44 attained at the critical wave number ac = 2.43 
which is close to the known value 79.6 (see [10]). The (Mc)l is computed from 
Eq. (20) for different values of v and R and the results are tabulated in table 1. 
This is the case discussed by Namikawa et al. [4] using a detailed numerical 
analysis and our results agree well with their results for values of v upto 10 ~ as 
shown in table 3. 
Model 2. Piecewise Linear Pro]ile Heat ing/rom Below 
An analytical study of the stability of a layer of fluid in which nonlinear 
temperature profile obtained from sudden heating from below in the presence of 
Coriolis force has been carried out by Friedrich and Rudraiah [2]. Their study is 
valid only for Marangoni convection. Here, we investigate the combined Ma- 
rangoni and Rayleigh-Bdnard convection in the presence of rotation in which 
nonlinear temperature profile is present due to sudden heating from below. In 
this case 
{O 1 f~ 0~z<e (21) 
/ ( z )= for e<z<l .  
Table 2. Comparison with numerical results o/ Lebon and Cloot [5] /or di//erent /(z) when 
v ~ 0 and R ~ 0 
:Nature of temperature profile Present Analysis Lebon and Cloot [5] 
-/]/Ic e c M c e r 
Linear basic temperature distribution 78.44 
Pieeewise linear profile for heating 
from below 75.95 
Pieeewise linear profile for cooling 
from above 47.72 
Superposed fluid layer 37.19 
- -  79.61 -- 
0.95 78.1 0.96 
0.43 42.62 0.675 
0.739 34.3 0.815 
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Table 3. Comparison with numerical results o] Namikawa et al. [4] 
]or ](z) = 1 (Linear pro/ile) when tt =0 
Present Analysis Namikawa et al. [4] 
Mc Mc 
0 78.44 79.99 
10 78.69 81.25 
10 ~ 80.89 91.76 
Substituting Eq. (21) into Eq. (17), we get 
184 M1 + ~-6 R 
M~ = _ ~23 R (22) 
(840e 3 -- 336# -- 560e a+ 240s 6) 420 
and the corresponding critical value is 
184 (Mc)l + ~-~ R 23 R. (23) 
(Mc)~ = 
Max (840e 3 -- 336# - -  560e 5+ 240s ~) 420 
As s increases from 0 to 1, (Me)2 decreases from infinity to a minimum value of 
(Mc)I ~- 4-~ J 23 
(Mr ~-- - -  R (24) 
1.0327 420 
attained at e ---- 0.9323 and then increases to (Mc)i at e ----- 1. In  the absence of 
rotation and buoyancy the results obtained from Eq. (24) are compared with those 
of Lebon and Cloot [5] (see table 2) and we find good agreement. 
Model 3. Pieeewise Linear Pro/ile Cooling/rom Above 
I n  the case of a fluid which is cooled from above the bottom boundary is 
usually not free in most laboratory configurations. Further, a simple case which 
is representative of possible situations occuring in nature and which can be 
achieved easily in the laboratory is a sudden cooling from above. Therefore here, 
we consider a piecewise linear profile arising from sudden cooling from above 
which is of the form 
0 for 0<z< 1- -e  (25). 
/(z) = e -1 for 1 - - s<z<l .  
Substituting Eq. (25) into Eq. (17), we get 
184 M1 + ~-~/~ 23 R. (26) 
Ma (1680e -- 2 800e 2+ 840e a + 1344e 4 -- 1120s 5+ 240e 6) 420 
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The corresponding critical value is 
(Mi)~ = 
[ 23 R] 184 [(M0), + ~ J 
Max (1680e --  2800e 2 -]- 840e a -}- 1344# --  1120e 5+ 240e ~ 
23 
- -  ~ R o  
420 
(27) 
As e increases from 0 to 1, (Me)3 decreases from infinity to a minimum value of 
[ ] (Mc)l + ~-~ R 23 R 
(mob = - - -  
1.6438 ' 420 
(2s) 
atta ined at s = 0.4276 and then increases to (Mc)l at s = 1. (Me)3 is computed 
for different values of v and R and the results are tabulated in table 1 and com- 
pared with those of Leben and Cloot [5] in table 2 for z = 0 and R ---- 0. 
Model 4. Step Function Temperature Pro]ile 
We consider, following Nield [12], the step function in which the basic tem- 
perature drops suddenly by an amount  A T at z = s, but is otherwise uniform. 
For  this step function temperature profile we have 
/(z) = ~(z -- s), (29) 
where ~ is the value of z at which WT is maximum and ~ is the Dirac delta func- 
tion. In  this case Eq. (17) takes the form 
M 4 ~-~ 
and its critical value is 
[ 23 ] 
23 M1-4- -~ R 
210(2ea  _ e4 _ 2s5 + so) 
23 
- -  R (30)  
420 
23 R]  
23 (Me) 1 + 4-~ J 23 R (31) 
(Me), = 
210 Max (Sea --  e 4 - -  2e s + s 6) 420 
attained at s - -  0.7394. (Me)4 is computed for different values of ~ and R and 
tabulated in table 1. 
Model 5. Inverted Parabolic Termperature Pro]ile 
For Inverted Parabolic temperature profile [2], 
[ ( z )  -~ 2(1  - -  z ) .  (32)  
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Substituting this in Eq. (17), we get 
[ 23 R1 
46 M s -~420 ] 23 R (33) 
Ms ~ 31 42--0 
and the corresponding critical value is 
23 R] 
46 (Me) 1 420 23 R. (34) 
(Me)5 ---- 31 42---0 
This is computed for different values of v and R and the results are tabulated in 
table 1 and are discussed in section 4. 
Model 6. Parabolic Temperature Pro/ile 
If there are uniform heat sources, the basic temperature profile is parabolic 
(see [1]) and is of the form 
/(z) = 2z .  (35) 
Substituting this in Eq. (17), we get 
23 R] 
46 M1-4-~-~ j 23 R (36) 
Ms ---- 61 -- 42-'-'0 
and the corresponding critical value is 
[ 23 ] 
46 (Me) 1 -t- ~ R 23 R. (37) 
(Me)6 -= 61 42--0 
This is computed for different values of T and R and the results are tabulated in 
table 1. The results are discussed in the next section. 
4. Discussion and Results 
The purpose of this paper has been to study the effects of the Coriolis force, 
buoyancy force and a non-uniform temperature gradient on the criterion for the 
onset of marginal Marangoni convection with the following two objectives. One is 
to show that a suitable nonlinear temperature profile, rotation and buoyancy 
force suppress or augment Marangoni convection which is of importance in the  
material processing in the laboratory. The other is to show that the single-term 
Galerkin expansion procedure provides a quick and easy method compared to the 
method of Namikawa et al. [4] and Lebon and Cloot [5], of obtaining the critical 
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Piece wise linear profile heating from below 
- - - - - -P iece  wise I.inear profile cooting from above 
Mc 
\\ 
m.- -S tep  function temperature profile 
R=0 
", t 
! 
0.6 0.8 1.0 0.2 0.~ 
Fig. 2. Critical Marangoni number as a function of thermal depth for different values of R 
when ~ ~ 0 
Marangoni number and gives results close to the available results. To facilitate the 
experimental study, we consider lower boundary rigid and isothermal and upper 
boundary free and adiabatic. The results obtained from different models are 
tabulated in table 1 and the following conclusions are drawn: 
(1) A comparison of the critical Marangoni number in table 1 shows that the 
system is more unstable (by about 53% compared to that of/(z) ~ 1) in the case 
of step function temperature jump concentrated at the maximum of the WT 
function nearer to the less restrictive free surface. Models 2 and 5 for heating 
from below and models 3 and 6 for edge cooling from above whose effects depicted 
in Figs. 2 to 4 show the effects of anchoring thermal gradient near the edge. 
Since WT is not symmetric about the mid-line, the cooling from above is more 
unstable than heating from below ((Mc)~ > (Me)3, (Me)5 > (Mc)~). For sudden 
heating from below there is only 3.2% profile effect which is far too small to see. 
For sudden cooling from above the effects are more realistic (~  39%). 
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,]0 s 
Piece wise linear profile heating from below 
Piece wise l inear prof~[e cooling from above 
Step (unction temperature proti(e 
Mc \ \\ 
"~' ,"~.. "'S" 
, !  m I t 
0 0.2 04  0.6 0.8 1.0 
Fig. 3. Critical Marangoni number as a function of thermal depth for different values of R 
when ~ = 10 ~ 
(2) I n  all the cases we have seen that the critical wave and Marangoni num- 
bers increase with increasing v, having asymptotic behaviour, when R ~ 0, 
obeying the power law a, '~ --> 1.1z 1/a and Mc --~ (constant) ,~/a, where the con- 
stant varies from model to model. This reveals that the rotation inhibits the onset 
of convection in all the models. 
(3) The critical Marangoni numbers computed for different values of e by  
fixing ~ and R are shown in Fig. 2, 3, and 4. I t  is seen that as ~ increases from 0 to 
1, Me decreases to a minimum and then increases again. 
(4) The rotation and inverted parabolic basic temperature profile increase M c 
considerably. Hence they make the system more stable than in all other cases. 
Therefore, we conclude that a suitable strength of rotation and inverted parabolic 
temperature profile is favourable for material processing in the laboratory with 
simulated microgravity environment. 
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Hc 
- -  Piece wise linear profile heating from belo~ 
. . . .  P~ece wise linear profile cooling from above 
+" ~ Stop function temperature profile 
, ;k. '~ R = 0 
. I 1000 
- _ _  _ . / 
/ 
[ 
L 
! i ! I .  | ! 
Fig. 4, Critical Marangoni number as a ~tmction of thermal depth for different values of R 
when ~ = 104 
(5) In all the models we find that the critical Marangoni number, Me, de- 
creases with an increase in Rayleigh number, i.e. when buoyancy is predominant 
surface-tension is negligible. 
(6) The results obtained from the present analytical technique are compared 
with the numerical results of Lebon and Cloot [5] for R = 0 and 9 = 0, in table 2. 
From this it is clear that our analytical results are in close agreement with the 
elaborate numerical exploration of the modified Tchebyshev polynomials given 
in Lebon and Cloot [5]. Hence we conclude that the single-term Galerkin pro- 
cedure used here gives reasonable results with minimum of mathematics. 
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